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Abstract: Electron Raman scattering ( ERS) is investigated theoretically in asymmetric triangular double quantum
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1 Introduction
Recent developments in manufacturing techno-

logies，such as molecular beam epitaxy and metal
organic chemical vapor deposition，have made it
possible to fabricate high quality semiconductor
quantum structures with different shapes［1，2］． Owing
to their unique electronic and optical properties，
quantum-wells have attracted considerable attention
in developing photoelectric devices，such as quan-
tum well lasers，infrared detector and light modula-
tors［3 ～ 7］． Due to the coupling effects in double
quantum wells ( DQWs ) ， the single well energy
states are split and the symmetry of the eigenstates
can be reduced． This factor permits a variety of opti-
cal transitions which are forbidden in conventional
single quantum wells to occur． If the distance be-
tween wells and the barrier in DQWs is changed，an
improvement in the transport properties can be
achieved． Thus，DQWs are more suitable than a
single quantum well in technological applications．
Since earlier experiments showed that the intersub-
band in a quantum well may have large dipole mo-

ment［8，9］，intersubband transition within the conduc-
tion band of semiconductor quantum wells was widely
studied from the viewpoints of both physical proper-
ties and novel device applications，and quantum
wells photodetectors based on intersubband absorp-
tion were proposed to replace the conventional detec-
tors［10，11］． Comparing with the rectangular quantum-
well-structures light-emitting diodes ( LEDs ) ，the
triangular quantum-well LEDs show a higher inten-
sity，a lower operation voltage，a stronger light out-
put power and a narrower linewidth of electrolumi-
nescence spectra［12］． Besides， triangular-shaped
potentials were applied to enhance some special
features of the electronic transport in the semicon-
ductor heterostructures［13 ～ 15］，and the liner，nonliner
optical absorptions in asymmetric triangular double
quantum wells ( ATDQWs) were also studied［16］．

Because of the precision in optical characteriza-
tion of nanostructure research，Raman scattering has
been used in theoretical and experimental investiga-
tions for low-dimensional semiconductor systems［17 ～21］．
Considering different polarizations of incident and
emitted radiation，the electronic structure of nano-
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structures can be thoroughly investigated［22，23］．
Riera et al． studied the characteristic of rectangular
DQWs［24］． Their research suggested that it was more
efficient to use asymmetrical DQWs rather than
asymmetrical triple quantum wells on building a tu-
nable intersubband Raman laser． As far as we
know，though the DQWs were studied widely，few
people paid more attention to the influence of the
system asymmetry on Raman scattering．

In this paper，the dependence of Raman shift
on the well size and doping density are studied sys-
temically in GaAs /AlxGa1 － xAs ATDQWs． This pa-
per is organized as follows:

In section 2，the energy spectrum and wave
functions of the electrons in ATDQWs are provided．
In section 3，the derivations of the DCS for the elec-
tron Raman scattering process is presented． In sec-
tion 4，the numerical calculations and the discussion
of results are performed． Finally，brief conclusions
are given in section 5．

2 Model and Theory
We investigate the differential cross-section

( DCS) in asymmetric double quantum wells with

triangular potential． A schematic diagram of the AT-
DQWs is shown in Fig． 1，in which z is the growth
direction of this structure，V0 is the height of the po-
tential barrier，WL and WR represent the widths of
the left-well and right-well，respectively．

-WL/2

V(z)

0
0 -WR/2

WL WR

V0

Fig． 1 Schematic diagram of ATDQWs

In the effective-mass approximation，the electron
Hamiltonian and eigenstates can be written as［25］

H = － 2

2m*
d2

dz2
+ V( z) ， ( 1)

where

V( z) =V0
2z + WL

WL
Θ( － z) + V0

2z － WR

WR
Θ( z) ，

( 2)

and

ψnj ( z) =

c1，njAi( ξ1，nj ) ， z≤－ WL /2，

c2，njAi( ξ2，nj ) + d2，njBi( ξ2，nj ) ， － WL /2 ≤ z≤ 0，

c3，njAi( ξ3，nj ) + d3，njBi( ξ3，nj ) ， 0 ≤ z≤ WR /2，

c4，njAi( ξ4，nj ) ， z≥ WR /2










，

( 3)

with

ξ1，nj，2，nj = α1，2  z －
WL

2
Enj

V0
±( )[ ]1 ， ( 4)

ξ3，nj，4，nj = α3，4  z －
WR

2
Enj

V0
( )[ ]1 ， ( 5)

α1，2 = 4m* V0

WL
[ ]2

1 /3

， ( 6)

α3，4 = 4m* V0

WR
[ ]2

1 /3

， ( 7)

Here m* is the effective mass of the conduction
band，Θ ( z) is the Heaviside step function，Ai and
Bi are the regular and irregular Airy functions，and
nj = 1，2，3，…… are the quantum numbers． The
normalized coefficients c1，nj，c2，nj，c3，nj，c4，nj，d2，nj，d3，nj

and the eigenenergies Enj can be numerically solved

by the standard boundary condition of the electronic
bound state［25］．

3 Differential Cross-section
The DCS for electron Raman scattering of vol-

ume V per unit solid angle dΩ for incident light of
frequency ωl and scattering light of frequency ωs is

given by［19］

d2σ
dωsdΩ

=
V2ω2

sη( ωs )

8π3c4η( ωl )
W( ωs，es ) ， ( 8)

where c is the velocity of light in vacuum，η( ω) is
the refractive index as a function of the radiation fre-
quency，es is the polarization vector of the emitted
secondary radiation field，and W( ωs，es ) is the tran-
sition rate calculated according to
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W( ωs，es ) = 2π
 Σf

M 2δ( E f － E i ) ， ( 9)

with

M = Σ
a

〈f s a〉〈a l i〉
E i － Ea + iΓa

+

Σ
b

〈f l a〉〈a s i〉
E i － Eb + iΓb

， ( 10)

where i〉 and f〉 denote the initial and final
states of the system with their corresponding energies
E i and E f，respectively． a〉and b〉are the in-
termediate states with energies Ea and Eb，respec-
tively． Γa and Γb are the lifetime broadenings in the
intermediate states．

The Hamiltonian operator l is

l=
e
m0

2π
Vω槡 l

( el·P̂) ，with P̂ = － i，

( 11)

where m0 is the free electron mass． l describes the
interaction between the electron and the incident radia-
tion field in the dipole approximation． The interaction

between the electron and the secondary radiation
field is described by

s=
e

m*
2π
Vω槡 s

( es·P̂) ， ( 12)

It describes the photon emission by the electron after
transitions between conduction subbands of the sys-
tem．

By Eqs． ( 3 ) ，( 11 ) and ( 12 ) ，we can obtain
the following matrix elements

〈ψn3 1 ψn1〉= im* e
m0

2π
Vω槡 l

( En3 － En1 ) ·

〈ψn3 el·zez ψn1〉= im* e
m0

2π
Vω槡 l

T1，

( 13)

and

〈ψn2 s ψn3〉= i e 2π
Vω槡 s

( En2 － En3 ) ·

〈ψn2 es·zez ψn3〉= i e 2π
Vω槡 s

T2， ( 14)

where

T1 = ( En3 － En1 ) ∫
－
WL
2

－∞
c1，n3Ai( ξ1，n3 ) ( el·zez ) c1，n1Ai( ξ1，n1 ) +

∫
0

－
WL
2
［c2，n3Ai( ξ2，n3 ) + d2，n3Bi( ξ2，n3 ) ］( el·zez) ［c2，n1Ai( ξ2，n1 ) + d2，n1Bi( ξ2，n1) ］+

∫
WR
2

0
［c3，n3Ai( ξ3，n3 ) + d3，n3Bi( ξ3，n3 ) ］( el·zez) ［c3，n1Ai( ξ3，n1 ) + d3，n1Bi( ξ3，n1) ］+

∫
0

WR
2
c4，n3Ai( ξ4，n3 ) ( el·zez ) c4，n1Ai( ξ4，n1 ) ， ( 15)

T2 = ( En2 － En3 ) ∫
－
WL
2

－∞
c1，n2Ai( ξ1，n2 ) ( es·zez ) c1，n3Ai( ξ1，n3 ) +

∫
0

－
WL
2
［c2，n2Ai( ξ2，n2 ) + d2，n2Bi( ξ2，n2 ) ］( es·zez) ［c2，n3Ai( ξ2，n3 ) + d2，n3Bi( ξ2，n3) ］+

∫
WR
2

0
［c3，n2Ai( ξ3，n2 ) + d3，n2Bi( ξ3，n2 ) ］( es·zez) ［c3，n3Ai( ξ3，n3 ) + d3，n3Bi( ξ3，n3) ］+

∫
0

WR
2
c4，n2Ai( ξ4，n2 ) ( e3·zez ) c4，n3Ai( ξ4，n3 ) ． ( 16)

In the initial state i〉，we have an electron in
the conduction band and one incident photon of
energy ωl ． The initial state energy is

E i = ωl + En1， ( 17)

after the electron carries out a transition from the
initial state to the intermediate state a〉，the elec-
tron undergoes a transition toward the final state from
the intermediate state，emitting the secondary radia-

tion of energy ωs，thus，
E f = ωs + En2， ( 18)

By energy conservation law we get
E i － Ea = En2 － En3 + ωs， ( 19)

finally，we can write the DCS as

d2σ
dωsdΩ

= －
e4m* 2ωsη( ωs )

3c4m2
0ωlη( ωl )

T1
2 T2

2

( E i － Ea )
2 + Γ2

a
，

( 20)
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4 Results and Discussion
In this section，the DCS of Raman scattering

given by Eq． ( 20 ) is calculated numerically for
GaAs /AlxGa1 － xAs ATDQWs． The physical parame-
ters are［26］:

m*
b = 0． 067m0，m* = m*

b + 0． 083x，

V0 = 600( 1． 155x + 0． 37x2 ) meV，

and Γa = Γb = 1 meV．
From Eqs． ( 13) and ( 14) ，we can see that the

transitions only occur when the polarization vector of
the incident or emitted secondary radiation field is in
the ez direction． It can be seen from Eq． ( 19 ) that
the emission spectra of the electronic Raman scatte-
ring show maxima when ωs satisfies:

ωs =
En3 － En2


． ( 21)

In Fig． 2，the effects of well sizes on the emis-
sion spectrum of the ATDQWs in the scattering con-
figuration X ( Z，Z ) 珔X are plotted． The right well
widths we select here WR = 8，9，10，11 nm for Fig． 2
( a) and WR = 13，14，15 and 16 nm for Fig． 2 ( b) ．
The left-well width WL = 12 nm and the doping
content x in GaAs /AlxGa1 － x As quantum wells is
kept at 0． 35． On one hand，when WR ＜WL in Fig． 2
( a) ，the position of the spectrum shifts to higher en-
ergy as WR increases，which is similar to the rectan-
gular DQWs［24］，but is different from the rectangular
double quantum wells，where the peak value of the
emission spectrum diminishes with increasing the
right-well widths in ATDQWs． On the other hand，

the spectrum exhibits a red shift with increasing the
width of right well in Fig． 2 ( b) ． The phenomenon
can be explained by the asymmetry in ATDQWs．
When the right well has the size of WR = 12，i． e．
WR =WL，the ATDQWs becomes a symmetric quan-
tum wells． In Fig． 2，whether WR ＜WL or WR ＞WL，

the larger the difference between the right and left
well is，the stronger the asymmetry is，and the reso-
nant peaks suffer a red shift． In order to illustrate
these phenomenon clearly，we plot Fig． 3，which
presents the energy levels with increasing the various
ratios of WR and WL ．
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Fig． 2 Raman spectra of the GaAs /AlxGa1 － xAs ATDQWs in
the scattering configuration X( Z，Z) 珔X with x = 0． 35:

( a) for WR ＜ WL and ( b) for WR ＞ WL ; the sizes of
the right-well WR = 8，9，10，11，13，14，15，16 nm
and the left-well WL = 12 nm．

Fig． 3 shows the energy-level of the electron as
the function of the ratio WR /WL ． This figure tells us

that in the range of
WR

WL
＜ 1，the higher the WR /WL，

the larger the energy-level differences between En2

and En3 ． While，contrarily，in the range of
WR

WL
＞ 1，
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Fig． 3 The energy levels of electrons as a function of the ra-
tios of WR /WL in the GaAs /AlxGa1 － x As ATDQWs
with x = 0． 35 in the scattering configuration X( Z，Z)

珔X． The vertical solid lines show the difference of the
energy between En2 and En3 ．
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the higher the WR /WL，the smaller the energy-level
differences between En2 and En3 ． Namely，the asym-
metry of the ATDQWs affcts sensitively the energy
levels of the electron，which accords well with the
Raman spectrum analyzed above．

In Fig． 4，we show the emission spectrum of the
ATDQWs in the scattering configuration X ( Z，Z) 珔X
with different Al doping content x = 0． 3，0． 5，0． 8，

1． 0． The size of the left well and right well is kept
at 12 nm and 9 nm，respectively． From this figure，

we can see that，as x decreases from 1． 0 to 0． 3，the
peak value increases and the spectrum shifts to lower
energy，i． e． suffers a red shift． These observations
are caused by alloying effects of the AlxGa1 － xAs
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Fig． 4 Raman spectra of the GaAs /AlxGa1 － xAs ATDQWs in
the scattering configuration X ( Z，Z) 珔X with different
Al doping content x，x = 0． 3，0． 5，0． 8，1． 0 with
WL = 12 nm，WR = 9 nm．

material［26，27］． The Al doping content x affects the
effective mass of the electron and the height of the
potential barrier V0，which vary the difference of
energy levels between electrons according to Eqs．
( 4) ～ ( 7) ．

5 Conclusion
In this work，we investigated theoretically the

intersubband Raman scattering in ATDQWs in the
effective-mass approximation． The explicit expres-
sions of the DCS for intersubband electronic transi-
tion are derived． Numerical calculations are per-
formed for ATDQWs with various difference of well
widths and doping content in the scattering configu-
ration X( Z，Z) 珔X． The results obtained show that the
peak value and position of the spectrum are sensi-
tively dependent on not only the Al doping content
x，but also the asymmetry of quantum wells． When
the difference of well widths between right and left
well increased，the asymmetry of triangular double
quantum wells is higher，and the displacement of the
peaks toward low energy direction occurs，i． e． suf-
fers a red shift． As x decreases，the displacement of
the peaks appears a red shift． These behaviors of the
GaAs /AlxGa1 － xAs ATDQWs can be used in various
optical device in infrared region．
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双三角量子阱中不对称性及掺杂浓度

对电子拉曼散射的影响

谷冬霞，刘翠红* ，郭正丽，卢 发
( 广州大学 物理与电子工程学院，广东 广州 510006)

摘要: 在有效质量近似下，从理论上研究了非对称双三角量子阱的拉曼散射。推导了导带子带间电子跃迁
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的微分散射截面表达式，以 GaAs /AlxGa1 － xAs 材料为例进行了数值计算。结果表明，散射光谱不仅与掺杂浓

度有关，而且与双量子阱的不对称性有关，随着量子阱不对称性的增加或掺杂浓度的减少，散射峰发生了红

移。本工作对设计新型微电子和光电子器件有一定的指导意义。

关 键 词: 拉曼散射; 耦合三角量子阱; 子带间跃迁; 微分散射截面
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